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ELASTICITY FOR ECONOMIC PROCESSES WITH MEMORY:
FRACTIONAL DIFFERENTIAL CALCULUS APPROACH

VALENTINA V. TARASOVA AND VASILY E. TARASOV

Abstract. Derivatives of non-integer orders are applied to generalize notion of elasticity in frame-
work of economic dynamics with memory. Elasticity of ¥ with respect to X is defined for the
case of a finite-interval fading memory of changes of X and Y. We define generalizations of
point price elasticity of demand to the case of processes with memory. In these generalizations
we take into account dependence of demand not only from current price (price at current time),
but also all changes of prices for some time interval. For simplification, we will assume that there
is one parameter, which characterizes a degree of damping memory over time. The properties of
the suggested fractional elasticities and examples of calculations of these elasticities of demand
are suggested.

1. Introduction

Theory of derivatives and integrals of non-integer (fractional) orders [ 1, 2, 3, 4] has
a long history [5, 6]. Fractional calculus has wide applications in dynamical systems
theory since it allows us to describe systems and media that are characterized by power-
law non-locality and long-term memory (for example see [7, 8] and references therein).
A variety of models, which are based on application of the fractional-order derivatives
and integrals, have been proposed to describe behavior of financial and economical
processes from different points of view [9]-[18].

Are known various types of fractional derivatives that are suggested by Riemann,
Liouville, Riesz, Caputo, Griinwald, Letnikov, Sonin, Marchaud, Weyl and some others
scientists [ 1, 2]. Derivatives and integrals of non-integer orders have unusual geometric
[19], probabilistic [20, 21] and discrete interpretations [22, 23].

These fractional derivatives have a set of unusual properties [24]—-[29] that should
be satisfied for all type of derivatives of non-integer orders. For example such properties
include a violation of the Leibniz rule (derivative of the product of two functions) and
a violation of chain rules (derivative of the composition of two functions) [24, 27, 29].
It should be emphasized that the violation of the standard Leibniz rule [24, 29] is a
characteristic property of fractional-order derivatives. The unusual properties of the
fractional-order derivatives allow us to describe complex properties of dynamical sys-
tems.

One of the most important areas of application of differential operators is a de-
scription of economic dynamics by using the concept of elasticity. Elasticity shows
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a relative change of an economic indicator under influence of change of an economic
factor on which it depends at constant remaining factors acting on it. Usually effects
of memory are ignored in the concept of elasticity. For example, the definition of the
standard point-price elasticity of demand at time point ¢ = #y, which is expressed by the

equation
Dy — (P dQ/dtN - (pdQ
E(Q(t)’p(t)’t()) - ( >t—l0 B (Q dp)t—t()’ (1)

Q(t) dp/dt

where Q is the quantity demanded and p is the price of a good. Equation (1) assumes
that the elasticity depends only on the current price at t = #y an price at infinitesimal
neighborhood of point #y. In general, we should take into account that demand can
depend on all changes of prices during a finite interval of time, since behavior of buyers
can be determined by the presence of a memory of previous price changes. We can say
that definition (1) can be used only if all buyers have a total amnesia.

In this paper we suggest a generalization of the point elasticity by using fractional-
order derivatives to remove amnesia of buyers in the concept of elasticity. Derivatives
of non-integer orders allow us to take into account a memory effect. Therefore the
fractional generalization of point elasticity of demand cannot be considered as a point
economic indicator only. Fractional elasticity depends on finite interval of time and/or
price range, in addition to parameter of memory decay (forgetting). For simplification,
we will assume that there is one parameter o, which characterizes a degree of memory
decay during time interval.

In Section 2, we give definitions of fractional derivatives. Some important prop-
erties of fractional derivatives are described. In Section 3, fractional generalizations
of elasticities of Y with respect to X are suggested. In Section 4, the properties of
fractional elasticities are considered. In Section 5, we define generalizations of point
elasticity of demand to the cases of memory. In Section 6, some simple examples of
calculations of fractional elasticities are suggested.

2. Fractional-order derivatives

There is a lot of type fractional-order derivatives that are suggested by Riemann,
Liouville, Riesz, Caputo, Griinwald, Letnikov, Sonin, Marchaud, Weyl [1, 2]. In this
article, we use the Caputo fractional derivative. The main distinguishing feature of the
Caputo fractional derivative is that the Caputo fractional derivative of a constant is zero.
This type of derivatives is used in order to elasticity of constant demand will be equal
to zero, that allows us to correspond it to a perfectly inelastic demand.

2.1. Definition of Caputo fractional derivatives

The left-sided Caputo fractional derivative of order & of the function f(¢), where
t € [a;b], is defined by

Coe(elf(e) = i 1e] (52 100 @
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and the right-sided Caputo fractional derivative is

DE1ef(e)i= 1o (-4 ) 1) ®

where n—1 < @ < n and $I%[7] is the left-sided Riemann-Liouville integral of order
o>0

o __L [ fodr
aIt [T]f(r) T r(a) A (t _ T)I,av (t > Ll), (4)
and €I%(7] is the right-sided Riemann-Liouville integral of order ¢t > 0
1 b f(r)de
Ca —
th [T]f(T) T F(a)/[ (T_t)I,O“ (t<b)' (5)

We also will use the simplified notations: (D& f (1) instead of D [7]f(7) and EDY f(r)
instead of ED¥[7]f(7).

2.2. Properties of Caputo fractional derivatives

To calculate the fractional elasticities we will use the following properties of the
Caputo fractional derivatives.
1) The left-sided and right-sided Caputo derivatives are linear operators

<Dy (ClYl(f)+CzY2(f)) =1 SDPY1 (1) + 2DV (1), (6)

2) The Caputo fractional derivatives of power functions are given (see Property
2.16 of [2]) by the equations

CD;X(t_a)ﬁ_ F(ﬁ+1)

W) \B-a . B
_F(ﬁ—a+1)(t af= (t>an—1<a<n B>n—1) (1

r(g+1) _
Cpop, _ANB__~\PT ) 1 -« o _
DY (b—1) B 1)(19 P~ (t<b,n—1l<oa<n f>n-1), (8
and

(DX t—a) =0, DF(b—1)*=0 (k=0,1,..,n—1). )

In particular, we have
‘D*1=0, ED%1=0. (10)

For the case a = 0, we can use

F(ﬁ + 1) tﬁfa

CDOtﬁ:
0 = TR ot )

, t>0,n—1<a<n, B>n—1), (11

6Df1* =T(a+1), (§DF)"1%=0. (12)
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3) The fractional derivative of the exponential functions are given (see Property
2.17 of [2]) in the form

C D =% (A >0). (13)

% e M=% (1>0). (14)

4) We also can use Lemma 2.23 of [2] in the form
(DI'Ea[A (1 —a)*] = X Ea[A (1 — )], (15)

where Eq[A (t —a)%] is the Mittag-Leffler function. Equation (15) means that the
Mittag-Leffler function is invariant with respect to the left-sided Caputo fractional
derivative D%, but it is not the case for the right-sided Caputo derivatives.

5) For example, the fractional-order derivatives of the composition of two func-
tions violate the standard chain rule

DFTY (X (7)) # (0 DX (o XY (X) - G DP[e]X (2). (16)

The violation the standard chain rule is one of the main properties of derivatives of
non-integer orders [27].

6) The fractional-order derivatives of the product of two functions (the Leibniz
rule) violate the usual rule

el (n(mnn) # (SDFN () B + () (SDFEnE).  aD)

This violation is a main characteristic property of all derivatives of non-integer orders
[24, 29].

7) In general, an action of the fractional derivative on the a fractional derivative is
not the same as the action of fractional derivative of order 2¢, i.e.

DFI) GDR[e)Y (7) # CD7*[r)Y (7). (18)

This inequality means that the semi-group property cannot be realized for all type of
functions. Equality instead of the inequality is obtained only for a narrow class of
functions [2].

3. Fractional elasticities of ¥ with respect to X

The most important area of application of differential calculus is to describe the
economics with the help of the concept of elasticity. The elasticity shows a relative
change of an economic indicator under influence of change of economic factors on
which it depends at constant remaining factors affecting it.

In this section, we define generalizations of point elasticity of ¥ with respect to X
by taking into account a long-term memory and a finite-interval memory of changes of
economic factor X and indicator Y. We will consider the following forms of memory.
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(1) In the general case, the economic indicator and economic factors can depend on
time, i.e. Y and X are functions of time ¢ € [ti;pf] . The absence of memory (amnesia)
means that the value of Y (r) is determined only by the values of X(¢) at the point
t =1to € [t;;t] and in infinitely small neighborhood of this point. The presence of a
memory means that the value of Y (¢) depends on values of X(¢) at all points ¢ of the
finite interval [f;;7/].

(2) The presence of a memory can also mean that the values of ¥ (Xp) actually de-
pends not only on X, but it also a depends on X from the intervals [X;;Xo) and (Xo;Xf].
In general, the time parameter cannot be excluded to have an explicit dependence of Y
on X in the form of function. In a rigorous mathematical description of processes with
memory, we should apply integro-differential equations. For simplification, we will
assume that we have a solution of this equation in the form ¥ =Y (X).

An important property of processes with memory is a decay property of memory,
a “fading of memory” [31, 32, 33]. For simplification, we will assume that there is one
parameter o, which characterizes a degree of damping memory over time.

DEFINITION 1. The fractional T -elasticity Eq (Y (¢);X(¢);[fi,70]) of order o at
t =1y of Y =Y (¢) with respect to X = X (¢) is defined by the equation

X(t) SDXIY ()

Eq(Y(1);X(1);[t:,00]) := Y(to) SD[1]X (1)’

19)

where 7 € [t;,19].

The fractional T -elasticity Eq(Y (¢);X(¢);[t;,10]) describes an elasticity for the
economic processes with a memory of the changes of economic factors and indicator.
This type of memory describes the dependence of the economic indicator ¥ not only
on X(fy) at the current time 7y but also the economic factor X (¢) at all ¢ € [r;;19]. The
order ¢ is the parameter that characterizes the degree of damping memory over time.
In general, we can consider fractional elasticity with two different parameters o and 8
to describe fading memory of Y (¢) and X (7 respectively.

DEFINITION 2. Let us consider an economic indicator ¥ =Y (X) as a function of
an economic factor X € [X;; Xy]. The left-sided and right-sided fractional X -elasticities
Eq (Y (X);[Xi,Xo0]) and Eq (Y (X);[Xo,Xf]) of order o at Xy € [X;;Xy] of Y with
respect to X are defined by the equations

BV 003 [ Xa) = 20 D, (X7 (X), 0)
1xo X)) = E0% ¢ pa
Eo (Y (X);[Xo0,Xy]) := Y O%0) %, D%, [X]Y (X), 1)

where X; = X, and Xy = Xy, are initial and final points of the investigated interval
of the economic factor X € [X;;X;]. Here }C(I,D}"(‘0 is the left-sided Caputo derivative and

§0D§(‘f is the right-sided Caputo derivative of order o > 0.
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Using that the standard (point) elasticity of ¥ with respectto X can be represented
as a derivative of f(r) =In(Y(¢)) by g(¢r) =In(X(¢)) in the form

A (dn()
Elp.to) = (dgm ) - (d1n<x<r>>>,_,0’ 22

we can also define the corresponding fractional generalization by using the fractional
derivative of function f(r) =In(Y (¢)) by a function g(¢) = In(X(¢)) (see Section 18.2
of [1] and Section 2.5 of [2]).

DEFINITION 3. The fractional Log-elasticity Eq j0,(Y (1); X (2); [ti,t0]) of order o
at t =1y € [t;;t7] is defined by the equation

Eq10g(Y (1): X (1); [ti,10]) :=

B 1 o dg(T) f(7) ! 4\ j
~ e}, i G <dg<f>/m> o (to>tl<)z’3>

where n— 1< o <n, f(t)=In(Y(¢)) and g(¢) =In(X(7)).

REMARK 1. For the case o = 1, equations (19), (20) and (21) take the forms

Ey(Y(0):X(0): [t 10]) = ;(((;‘;)) <j§8§fé> ) (24)

and
Ey(Y(X);[Xi,X0]) = E1,(Y(X);[X0,X/]) = YE(XOO) (d);—g)>x—x , (25)

where the elasticity does not depend on ¢ # fp and X # Xy. This means that the case
o =1 corresponds to the economic processes without memory.

REMARK 2. Using the chain rule

ay(X(t)) (dY(X) dX(t)
dt _< dXx )X_X(t) dt -’ (26)

we have the equality of the fractional T -elasticity and the fractional X -elasticity for
the case o = 1 of the economic dynamics without memory,

E\(Y(1);X(1);[ti,10]) = E1 g (Y (X);[Xi, Xo]) = En (Y (X); [Xo, Xp])- (27)

This case corresponds to economic the case of total amnesia. The standard point elas-
ticity of Y with respect to X describes economic processes, when market participants
have amnesia.

Using the suggested fractional elasticities of ¥ with respect to X, which are sug-
gested in Section 3, we consider generalizations of point-price elasticities of demand in
Section 5.
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4. Properties of fractional elasticities

Let us give main properties of the suggested fractional elasticities. For simplifica-
tion, we describe these properties for ; =0 and X; =0.
1. The fractional elasticity is a dimensionless quantity,

Eq(AY(1):X(1);10,10]) = Ea (Y (£);: X (1);10,10)), (28)

Eq(Y(1); 2 X(1);(0,10]) = Ea(Y (); X (1); (0, 10])- (29)

These equations mean that its do not depend on units of the economic indicator ¥ and
the economic factor X .
2. The fractional T -elasticity of inverse function is inverse

1

Eo(X(1);Y(1);]0,20]) = EaV (X 00 (30)

In general, the fractional X -elasticities of inverse functions are not inverse

1

Eq(X(Y); [Yo,Ys])
(31

Eq (Y (X);[0,Xo]) # Eq (Y (X):[Xo,Xf]) #

Eq(X(Y);[0,Yo])’

These inequalities become equalities for o = 1.
3. In general, the fractional elasticity of the product of two functions, which de-
pend on the same argument, does not equal to the sum of elasticities

Eq(Y1(t) - Ya(1); X (2);[0,00]) # Ea(Y1(2); X (1);]0,10]) + Ea(Ya(1); X (2); [0, 00])  (32)

for a # 1. This inequality becomes an equality for o = 1. Inequality (32) caused by
the violation of the Liebniz rule (17).

4. The fractional elasticity of the sum of two functions, which depend on the same
argument, is given by the equation

Eq(Y1(t) +Y2(2); X (1):[0,10])
1

A (1) Eq (Y1 (2): X (1):[0,10]) + Y2 (1) Ea (Ya(1): X (2): [0, 10])) (33)
5. The fractional elasticity of the power function is a constant
B. _B
Eq 1 (X":[0,X0]) = Pt (34

where B >n—1land n— 1< o <nforall neN.
6. The fractional elasticity of the exponential function is given by the equation

Eq (e **:[Xoi0)) = (AX), (35)

where A >0
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7. The fractional elasticity of the linear function is given by the equation

1 alX

Ea’l(a() +a1X; [07X0]) = F(Z _ a) agp _|_a1X ’

(36)

8. For derivatives of non-integer orders, the standard chain rule cannot be satis-
fied in general. For example, the chain rules for fractional derivatives of a composite
function (see Eq. 2.209 in Section 2.7.3 of [3]) have the form that is similar to the
following

ay oo k—a
RGO e ,ftiam

< % (DRY () x ZH (DFX()), (37)
m=1

where ¢ > 0, ) extends over all combinations of non-negative integer values of ay,
as,...,ay such that Z’,‘:I ra, =k and Z'; a, = m. Obviously, that equation (37) is much
more complicated than the chain rule (26) for the first order derivative . Note that
equation (37) is a generalization of the chain rule for the derivative of integer order
n € N that is represented by the Fad di Bruno’s formula of the form

o1 DIX(t)\
DIY(X (1)) =n! Z (DY (X)w—x) LI T 5 (2 (”) , (38)
r=1%1"
where D! = d"/dt". Therefore, we have the inequalities
Eq(Y(1):X(2);[tis10]) # Eaa (Y (X): [Xi, Xo)), (39)
Ea(Y(0): X (t);]t1,00]) 7 Ear (Y (X); [ X0, X]) (40)

for non-integer values of the order «. As a result, the fractional X -elasticities and
the fractional T -elasticity should be considered as independent characteristics in the
economic dynamics with memory.

9. The frational elasticities of constant demand are equal to zero.

Eq(const; X (1);[t;,t0]) =0, Eq(const; [X;,Xo]) = Eq (const; [Xo,X¢]) =0, (41)

that corresponds to perfectly inelastic demand.
These properties can be directly derived from the properties of the Caputo frac-
tional derivative and the definition of the fractional elasticities.

5. Fractional elasticities of demand

In this section, we define generalizations of point-price elasticity of demand to the
cases of memory. In these generalizations we take into account dependence of demand
not only from the current price (price at current time), but also changes of prices in some
interval (prices that were before this current price). For simplification, we will assume
that there is one parameter &, which characterizes a degree of damping memory over
time.
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DEFINITION 4. Let demand Q = Q(#) and price p = p(z) be functions of time
variable 1 € [1;;t¢]. The fractional T -elasticity Eq(Q(t);p(t);[ti,70]) of order o at
t =ty of demand Q(¢) with respect to price p(r) is defined by the equation

p(to) D1 O()
Q(to) D[] p(t)

Eq(Q(t);p(1):[tis10]) == (42)

where 1 € [t;,10], and t; < 1y <ty.

The fractional T -elasticity (42) describes an elasticity of demand for the processes
in economic dynamical systems with the memory of price changes over time. This type
of memory describes the dependence of demand Q not only from the price p = p(to)
at the current time 7y but also the prices p(r) that were before this price, i.e. all prices
at t € [t;;10]. The order o is the parameter that characterizes the degree of damping
memory over time.

DEFINITION 5. Let us consider a demand Q = Q(p) as a function of price p €
(P13 pi] . The left-sided and right-sided fractional p-elasticities Eq ;(Q(p);[p1, po]) and
Ear(Q(p);[po.pn]) of order « at pg € [py; py] of demand Q = Q(p) is defined by the
equations

Eas(Q(): (1, p0]) i— (ngo) € D% 151 0(p), “3)
Ear(Q(p): [p0.pi]) i= (Q”(‘;}O) € D2 (1] 0(p). (44)

where p; = ppmin 1S a lowest price and pj, = pax 1S the highest price; ngo and §0D§(‘f
are the left-sided and right-sided Caputo derivatives of order o > 0.

The fractional p-elasticities (43) and (44) describe an elasticity of demand for
the processes in economic dynamical systems with price memory. The elasticity (43)
takes into account a “memory of low prices”. The “memory of high prices” is taken
into account by the elasticity (44). These types of memory describe a dependence of
demand Q not only on the current price po but also all prices p of the given range
(p1 < p < pp). The order o characterizes a degree of damping memory over time.

Analogously to generalization of the price elasticities of demand, we can general-
ize of other types of elasticity. For example, we can give definitions of fractional income
elasticity of demand. Using the demand function Q = Q(¢) and income function I =
() of time variable ¢ € [t;;10], the fractional income T -elasticity Eq(Q();1(t);[t:,20])
of order ¢ at t = o can be defined by the equation

I(ty) £DE[]Q()
O(to) EDX[r]I(t)

Eq(Q(t):1(t); [ti,10]) := (45)

REMARK 3. In the definition of the fractional elasticities, we use the Caputo frac-
tional derivatives instead of other types of derivatives. It is caused by that the Caputo
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fractional derivatives of a constant is equal to zero. This property leads us to zero velues
of fractional elasticities elasticity for constant demand. Contrary to it the Riemann-
Liouville fractional derivatives of a constant is not equal to zero (see equation (2.1.20)
of [2]),
RL P
D%[p’ = . 46

Therefore the fractional elasticities, which are defined by this type of derivatives, cannot
be considered as a perfectly inelastic demand for the constant demand functions. For
example, the corresponding left-sided fractional p-elasticity of the constant demand

Q(p) = qo = const is the constant

WEa(QUR0.P) = s DRI = g D)

where D% is the left-sided Riemann-Liouville derivative [2].

It should be noted that the fractional p-elasticities and the fractional T -elasticity
should be considered as independent indicators of the economic dynamics with mem-
ory. This fact is based on the violation of the standard chain rule for derivatives of
non-integer orders.

6. Examples of calculations

Let us consider simple examples of calculations of fractional elasticities. For sim-
plification, we will use the demand equation

O(p) = ap+aip +axp?, (48)

where p is the unit price and Q(p) is the quantity demanded when the price is p.
Equation (48) is considered as a demand function for a product. Point-price elas-
ticity is the elasticity of demand, which is defined by the equation

E(p) = (p/Q(p))(dQ(p)/dp).

To find the point elasticity of demand E(p) for (48), we use

&(P) =a;+2ayp. 49)
dp

As aresult, the standard (point-price) elasticity of demand is

p_dQ(p) _ _aip+2ap?
O(p) dp ag+aip+axp?

E(p)= (50)

Let us consider some examples of fractional elasticity for demand (48).
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EXAMPLE 1. Let us consider the fractional p-elasticity (43) with p; = 0 and
o € (0;1). Using (11), we get

SD,? o(p) = oCD,(fao +a; ngP +a ngPZ

I'2) 14 I'G) 24
e-a”  TUG-a”

—a (51
Substitution of (51) into (43) gives the left-sided fractional p-elasticity in the form

i 2 o
(P)* ¢ A gl tamg ogP
ap+ap +axp?

Eq1(Q(p);[0,p]) =

- 1 alp—i—agﬁpz (52)
I'2—a) ay+ap+axp*’

where we use I'(n+1) =n! for n € N and I'(z+ 1) = zI'(z) . For ot = 1, equation (52)
gives (50).

EXAMPLE 2. Let us consider the demand and price functions in the form
(1) = qo+qut + o1, (53)
p(t) = pot. 54
It is obvious that the substitution of (54) into (53) gives (48) with

q1 q1
_ 11 a = 2

ap=4dqo, dai= ’ 2= "5- (55)
Po Po

Let us consider the fractional T -elasticity (42) with ; =0 and « € (0;1). Using (11),
we get

re - r) ,
Cno 1-o 2—a
D t)=q1 ————t —_—1 . 56
oD’ () "To—w)'  TPTG-a) (>6)
and )
Cro -«
D p(t) = po=——"—t " “. 57
Substitution of (56) and (57) into (42) gives the fractional T -elasticity
11— 2 02—
EQ(00): pl0:0.0]) = PO ODEQW)_ pot N’ gt
o ’ T o) OCDf‘p(t) qo+qi1t+qat? Poﬁtl*a
- pot Q1t1*a+%(23a)t27°‘
o+ qu + qat? pot! =

_aittapg’ | aptarsp’ (58)
Cqotqit+qtr  ag+aip+ap?’

where we use I'(z+ 1) = zI'(z) and equations (54), (55).
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Because we have chosen simple equations of (53) and (54), the expressions (58)
and (52) differ only by a factor

Eqs(Q(p)[0.7) = 5

TOC)Ea(Q(t); p(1):[0,1]). (59)

In the general case, these fractional elasticity can be distinguished not only by a factor.

EXAMPLE 3. Let us consider the demand and price functions in the following
simple form

o(t) = atP, (60)
p(t) =bt". (61)

Substitution of (61) into (60) gives
Q(p) = bﬁi/y PP/, (62)

The standard (point-price) elasticity has the form

p_do(p) B
E(p) = =—. 63
V=06 dp v ©9
The fractional p-elasticity is given by the equation
(P)* e C(B/r+1)
Ey ;10,p]) = —= oD = 64

The fractional T -elasticity is written in the form

e _p() §DFQ() TR+ DI(y+1-a)

For ov =1, we get

Ea(Q(t); p(2);[0,10]) = Ea.1(Q(p); [0, pol) = E(p)

since I'(z+ 1) =zI'(z). It is easy to see that the expression of the fractional p-elasticity
(64) and the fractional 7 -elasticity (65) are different for o # 1.

It is well-known the following conditions. If E(p) < —1, then demand is elastic
and a percent increase in price yields a larger percent decrease in demand. If —1 <
E(p) <0, then demand is inelastic and a percent increase in price yields a smaller
percent decrease in demand. It is evident that taking into account the effect of memory
(0 < a < 1), we can get other inequalities for the price in comparison with the standard
case (x =1).
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